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In this case A is called a frame spectrum of p. It is called “tight” if
A = B. It gives an orthonormal basis of exponentials if A= B = 1.

If 11 admits a Fourier frame, so does y|g, VE C RY. Consequently the
Lebesgue measure on any bounded domain admits Fourier frames.

Fourier frame is a powerful tool in applied harmonic analysis. Each
f € L?(u) has a Fourier expansion Y aye?™** (may not be unique).

Nitzan, Olevskii, Ulanovskii, 2016: any Q C R? (not necessarily
bounded), |Q2| < oo, admits a Fourier frame (with © = yqdx).

We say an object admits Fourier frames if its natural measure does.
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Fourier frames on singular measures

Jorgensen, Pedersen, 1998: the one-forth Cantor set in [0, 1] admits
orthonormal basis of exponentials, while the one-third does not.

Strichartz, 2000: does the one-third Cantor set admit Fourier frames?

Lai, Wang, 2017: there exists singular measures with Fourier frames
but no orthonomal basis of exponentials.

Lev, 2018: if both 1+ on R™ and v on R"” admit Fourier frames, then
[t X 0g + 0o X v on R™" admits Fourier frames.

Lev, 2018: a cap C € S9! (surface measure) admits Fourier frames:

i/ f(X/)
e—27r1x (A O)f do / e27rlx AT dX,,
/c (x)dotx) = 7(C)CRI-1 V31— |x1?

so, if 1 — [x'|> ~ 1 on 7(C), then A x {0} is a frame spectrum for

C C S¢! whenever A is a frame spectrum for 7(C) C R9~1.
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Measures without Fourier frames

Pure type criterion (He, Lau, Lai, 2013): a measure is frame spectral
only it is discrete, absolutely continuous, or singular continuous.

Uniformity criterion (Dutkay, Lai, 2014): Consequences include that
du(x + 1) + 1(x)du(x) admits no Fourier frame if essinf ¢)(x) = 0.

X~
Example: unevenly distributed self-similar measures on Cantor sets.

Fu, Lai, 2018: some v * (\+0;) e.g. pq + f116, are not frame-spectral.
Lev, 2018: union of a line segment and a spherical cap, when d > 3.
A question of Lev: what about the whole sphere (surface measure)?

losevich, Lai, B.L., Wyman, 2022: NO! The same holds on the C*°
boundary of any convex body with non-vanishing Gaussian curvature.

Kolountzakis, Lai, 2025+: examples without tight frames (A=B).
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Fourier frames on surfaces of nonvanishing
Gaussian curvature

Recall a small spherical cap C & Sﬂ’l admits Fourier frames, while
the whole sphere S9! does not. What is the threshold? Sﬂ’l?

Kolountzakis, Lai, 2025+, Question 2: Is Si spectral?

Chen, B.L., 2025+ Si_l does not admit any Fourier frame. More
generally it holds on half of the boundary of any centrally symmetric
convex body of nonvanishing Gaussian curvature.

Chen, B.L., 2025+: generalize losevich-Lai-B.L.-Wyman (2022) to
self-intersecting surfaces. In particular for planar curves we improve a
result of Kolountzakis and Lai (2025+) from tight frames to frames.
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Definition: dimz E := sup{t : 3 € M(E),s.t. |a(&)] < €742},

It is known that dimz E < dimy E. A set E is called Salem if
dimz E = dimy E. A measure p is called Salem if
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The sphere is Salem, while one-third Cantor set is not (dimz = 0).

In R, there are several ways to construct Salem sets and measures:

@ Random Cantor sets: convolution = vy * v % - - - with 1;
discrete (Salem, 1951); nonconvolution (Bluhm, 1996, etc.).

@ Random images: Brownian motions (Kahane, 1966), etc.

e Diophantine approximations: Kaufman-type construction (1981),
still the only way to construct deterministic Salem sets in R.

R, d > 2: surfaces, random images and Diophantine approximations.
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Li, B.L., 2025+: for every 0 < s < 1, and every existing type of
Salem measure in the literature, there exist s-dimensional Salem
measures on the unit interval that do not admit any Fourier frame.
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Cantor sets as convolutions: perturb Salem’s 1951 construction
[l = V1 % Uy % - - - to make each v; unevenly distributed and p still a
Salem measure, then apply the uniformity criterion of Dutkay-Lai.

No other Salem measure is convolution or uniformity criterion applies.
Every Salem measure is of pure type, so He-Lau-Lai does not apply.

We need a new criterion, especially on measures with Fourier decay.
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A new criterion on measures with Fourier decay

Suppose A is a frame spectrum of p.
losevich, Lai, B.L., Wyman, 2022: If |a(¢)| < |€]7%/2, then

> AT =00

XeN\{0}
Shi's argument (2021): if sup, u(B(x,r)) > Cr, Vr € (0,1), then
(AN B(0,R)) < C'R®, VR > 0.

Contradiction if t > s! But does such a measure exist? Usually we
work with Frostman measures j(B(x, r)) <, rdimu(suppu)—c \hile
dim; < dImH
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Heavy intervals in random Cantor sets

Li, B.L., 2024+: there exist s-dimensional Salem measures on
Diophantine approximation such that for a rapidly increasing g,,

sup u(B(x, g 1)) > Ceqfs/zfe, i=1,2,...
Though not strong enough, it encourages us to explore further.

Li, B.L., 2025+: We modify a construction of Chen, 2016 (inspired
by Laba-Praminik, 2009) to construct s-dimensional Salem measures
on non-convolution Cantor sets with (B (xo, r)) > Cr®/? for some xo.

s/2 is optimal: |A(&)| < |€]72 = wu(B(x,r)) < rz (Mitsis, 2002).

~
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Let w(t) denote the standard Brownian motion on R, w(0) = 0.

Theorem (Kahane, 1966)

Suppose s > 0 and p is a Borel measure on [0, 1] with
w(B(x,r)) < ré, Vr > 0.
Then the push-forward measure w, i, or denoted by ., satisfies

| (§)] < C(w, 5)[€] % log [¢], a-s.

Consequently, if s € (0,3] and u(B(x,r)) < r° with dimy supppu ='s
(Frostman measure), then /i, is a 2s-dimensional Salem measure a.s.
(It is known that w(t) is a-Holder continuous for every 0 < o < 1).

v

Because of u(B(x,r)) < r®, it is hard for p, to have heavy intervals!
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Heavy intervals in Brownian images

Theorem (Li, B.L., 2025+)
Suppose s > 0 and v is a Borel measure on [0, 1] satisfying

w([0, r]) < r*/2 ¥r >0, and

w([x, x + r]) < min{1, x=5/2r}, Vx € supp p\{0}, Vr > 0.
Then
| (§)] < C(w, 5)[€]* log [¢], a-s.

We also construct such measures with dimy; supp = s € (0, %] and
p((0.1]) ~ P72

By the Holder continuity, y, is a 2s-dimensional Salem measure with
11([0, 1]) Zua r2a, a.s.,a € (0,3). No Fourier frame almost surely!
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Kaufman, 1981: Let g; be a rapidly increasing sequence, then
Z 11
1| — —=, = 1
m U /\/"fl(H)ﬁ 37 ] (1)
T He(r2... a7}
is an s-dimensional Salem set, given s € (0, 1].
Li, B.L. 2024+: there exist s-dimensional Salem measures on (1) with

w(B(xo, g h)) > Ceqfs/zfe, i=1,2,..., for some xo.

The fast increase of g; is necessary, seems no way to make it Vr > 0!

We are running out of criteria...
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Diophantine approximation

The key in the proof on the whole sphere is the surface measure

36 = € (15 ) 1677 cos (2 (161 - 57) ) + 06l

It follows from the asymptotic formula of the Bessel function. In fact

R / 6\ + )2 de ~ A, 2)
|E]<R

I/\\

uniformly in [A\| > 1and 1 < R < &}, is what used in the proof.

For all previous Kaufman's type constructions, |fi(n)| depends on the
number of prime divisors of n, that has no asymptotic formula.

| do not know how to construct such a nice measure with (2) in [0, 1].
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Li, B.L. 2025+: for each 0 < s < 1, there exist a rapidly increasing
sequence {g;} and an s-dimensional Salem measure i supported on

N U (B

Po1<p<q?

p=1 or prime
with positive Fourier coefficients, associated with a measure v < p,
o g€ L>(u),
o v(B(x,r) Serrc,Vr>0,Vx € R (that fails on ),
and for each i and all integers |k| > 2q;, || < q/2,
D(k + 1)| < CA(k) + C(1+ |k|)*,
where C, C. > 0 are independent in 7, k and /.

Furthermore, i does not admit Fourier frames. (Not via > |A|7%)



Construction on Diophantine approximation
All previous Kaufman-type constructions are actually supported on
11
N U % (5)nk53

i o<p<ql?
pr/me

defined by the infinite product (with P; a set of primes in [2, qf/z])

oo

0o 1 1 )
,-11 Fi(x) = ’l} P, Z ZP_ qip(qi(x — E))’

pEP; vEZL

where ¢ € C?(—1,1) used to be arbitrary (but not enough to us).

For the target measure 4, we take P! = {1} U {p < q,-s/z, prime}.

s/2
For the auxiliary measure v, we take P} = {gé—q, <p< q,-s/z,prime}.



The auxiliary function ¢

We need an auxiliary function ¢ with the following properties:
Q ¢ € C3(R);
@ suppo C (—1,1);
Q@ [o=1,
Q ¢0>0;
9 $>0;
Q O(6+ 1)~ ¢(€) uniformly in £ e Rand r < 1. (¢ ¢ )

In fact 4(€) ~ (1 + |¢])~* is sufficient for (6) and easier to check.

Now, fix ¢o € C5°(—1,1), even, gbo?gzgo >0, and ¢y > % on [—%, %]

Such a ¢g exists by taking ¢g = ¢ * p, where ¢ € Cgo(—%,%

is an
arbitrary nonnegative even function satisfying ¢ > 1 on [—% :

)
2]



Two ways to construct a desired ¢
EXp“Cit construction: let ¢1(X) = X[-1/2,1/2]: ¢2(X) = 2X|[,1/2’1/2],
P(x) := A1¢o(x) + Az(P1 * P14 P2 % ¢y ) * (P1 % 1 + P2 * 0y )(4x),

where ¢, (x) := ¢2(—x), and Ay, A, > 0 are properly chosen. Then

sin& /4 7T§/4cos7r§/4—sin7r§/4)2>2
/4 (m€/4)? ’

strictly positive and Iim|5‘_>oo(7rf)4g§(§) =434, > 0.

A

B6) = mdu(e)+ 22 (

)? + (

Implicit construction (the Paley-Wiener theorem): take, for example,

wz/4 —sinmz/4
23

o) = f+&&@,

with Ay, A, > 0 properly chosen. Then take the ¢ with gg: F.
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Higher dimensions

Our nonexistence examples seems to be naturally generalized to
higher dimensions, based on existing Salem measures.

A Salem measure in R? with orthonormal basis of exponentials:

[rao= [

1
2

a weighted arc in §?, with |5(¢)] < |€]72, and Z x {0} as a spectrum
One should be more careful when d > 4, especially on whether

f(x,vV1—x?)dx,

/fdo' ::/ f(X]_,...,Xd_]_7 V 1_|X|2) dX7
UcB(0,1)

is Salem, e.g. NO for U = [—1,1]9"* or U = B(0, r) when d > 4.

Q: any s-dimensional Salem measure in [0, 1] admit Fourier frames?



Thank you!



